We describe group-theoretical methods for projecting out global distortions in a crystal from distortions that are localized at a single site. We present a simple method for determining which sets of distortions are independent. We discuss and resolve the difficulties that arise when considering physically irreducible representations, which are reducible on the complex numbers. We illustrate these methods with examples. Applications of these methods to crystal vibrations and phase transitions are presented and illustrated with the BaTi03 structure.
INTRODUCTION
A crystal has the symmetry described by a space group. We define a distortion to be any change in the crystal which breaks this symmetry. Examples of distortions are (1) atomic displacements, such as in a lattice vibration or also in a displacive phase transition, (2) changes in site occupation probabilities, such as in an order-disorder phase transition, and (3) changes in the directions of magnetic dipoles, such as in a spin wave or in a magnetic phase transition.
These distortions are "global. " They are distributed over the entire crystal. These distortions also have a microscopic characteristic. They can be broken down into individual "local" distortions. For example, a lattice vibration can be broken down into displacements of individual atoms. The displacement of an individual atom is a local distortion. The lattice vibration is a global distortion which consists of a large collection of these local dis- tortions.
Distortions in a crystal are often classified by irreducible representations (IR's) of the space group. In lattice vibrations, the IR's classify the normal modes of oscillation. In phase transitions, the IR's classify the order parameters. Given a local distortion at a site in a crystal, grouptheoretical methods can be used to obtain global distortions of which this local distortion is a part. In this paper, we show how this can be done in a systematic way.
We also show how to resolve the difhculties that arise when considering physically irreducible representations, which are irreducible on the real numbers but reducible on the complex numbers. We give examples that demonstrate how these methods can be applied.
PROJECTION OF GLOBAL DISTORTIONS
Consider a crystal with space-group symmetry G. Sup- pose we want to obtain global distortions classified by an IR I of G. When we say that a distortion is classified by a particular IR of the space group, we mean that it can be broken into independent parts which transform like basis functions of the IR: 8(g)g, (r) = g P, (r)D (g),;, 
The first coset representative g& is chosen to be the identity operator. The others are chosen arbitrarily from each coset.
Equation (4) We can obtain global distortions in this case using equations very similar to Eqs. (6) - (9) Note that we have removed a common factor from each of these equations in Eqs. (39) and (40). We have carried these calculations out to four diA'erent sites so that it can be seen explicitly that each of the above four functions are linearly independent of each other. In Table II, we give the four coset representatives g, , the sites g;ro, and the matrices D~"",(g; ).
Let us extend this example further by considering the local distortions to be atomic displacements.
We 
TABLE II. The coset representatives g;, the sites g;ro, and the matrices D (g; ) used in example 2.
The rows of the matrices are separated by slashes. like the basis function of the point-group IR. Thus, the local distortion gi can be an atomic displacement in any general direction. We form three independent sets of basis functions of I from atomic displacements in the x,y, z directions, respectively. Substituting these, one at a time, into Eqs. (40), we obtain three independent sets of basis functions of I . For example, in the first set, using an atomic displacement in the x direction for gi, we find that the global distortion g, 'h", consists of a displacement of the atom at g, ro in the x direction, a displacement of the atom at g2ro in the -x direction, etc. In the second set, using an atomic displacement in the y direction for gi, we find that the global distortion g, 'h", consists of a displacement of the atom at g, ro in the y direction, a displacement of the atom at g2ro in the -y direction, etc. In the third set, using an atomic displacement in the z direction for gi, we find that the global distortion g, ph~, consists of a displacement of the atom at g, ro in the z direction, a displacement of the atom at gzro in the z direction, etc.
Example 3
Consider space group No. 158 P3c1, space-group IR I = A~(two dimensional), site ro=(0, 0,z) (Wyckoff'position a), point-group H = 3, and point-group IR I = 'E. (28) and (29), we obtain a'= -, '(1, -1, 1, 1), a'= -, '(i, i, -i, i), Note that we have removed a common factor from each of these equations in Eqs. (44) and (45). We have carried these calculations out to four difFerent sites. In Table III, we give the four coset representatives g;, the sites g;ro, and the matrices D p"", (g; ).
The two atomic displacements which transform like basis functions of the two-dimensional point-group IR E lie in the plane perpendicular to the three-fold symmetry axis and are perpendicular to each other. We arbitrarily choose the second basis function to be an atomic displacement in the direction of the hexagonal y axis. The first basis function is thus an atomic displacement in a direction perpendicular to the hexagonal y axis. In terms of the hexagonal x,y, z coordinates, the two basis functions are atomic displacements in the directions, (&4/3, &1/3, 0) and (0, 1,0), respectively. it '(r)= g r), P, '(r) .
'(Ti)=z;, + . 
